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0.1. The main result. The symbol P stands for the projective space P^^+^, M > 6. 
Fix a pair of integers m > 3, Z > 2, satisfying the relation m + I = M + 1. Let 



be the Zariski open set of pairs of non-zero polynomials (/, g) , for which the double 
cover a-.V^QcW, branched over W = W* fl Q, is an irreducible variety, where 
^ ! Q = {/ = 0} is a hypersurface of dergee m, W* = {(? = 0} is a hypersurface of 
I degree 21. Set J-'sm C to be the open subset, corresponding to smooth double 
O ■ covers V. The aim of this paper is to prove the following fact. 

Theorem 1. There exists a non-empty Zariski open subset jF^eg C J-'sm such 
^ ■ that for any pair (/, g) G J^rcg the corresponding variety V satisfies the property of 

! divisorial canonicity: for any effective divisor D E \ — nKv\, n > 1, the pair 

O 



{V, -D) 

n 



■ has canonical singularities. 



Recall that for (/, g) G J-'sm the corresponding variety V = V{f, g) is a primitive 
Fano variety of dimension M > 6, that is, PicV^ = TjKy. Canonicity of the pair 
(V, -D) means that for any birational morphism ip: — V and any exceptional 
divisor E C the inequality 

ve{D) < na{E) 

holds, where a{E) is the discrepancy of E with respect to the model V, that is, the 
inequality, opposite to the Noether-Fano inequality. By linearity of this inequality 
one may always assume that D is a prime divisor, that is, irreducible and reduced. 

0.2. Birational rigidity. The property of divisorial canonicity (the property 
(C)) was introduced in [1]. If the pair {V,-D) is canonical for a general divisor 
D G S C I — nKy\ of any movable linear system E, then the variety V satisfies the 
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property of movable canonicity (the property (M)). Finally, if the pair {V, j^D) is 
log canonical for any divisor D G S C | — ni^v'l; then the variety V is divisorially log 
canonical (satisfies the property (L)). The movable canonicity is shown for many 
classes of Fano varieties, see [2] and the bibliography for that paper. The latter 
property is important because it immediately implies birational rigidity of the given 
variety. 

Recall that a smooth projective rationally connected variety X is said to be 
birationally superrigid, if for any movable linear system E on X the equality 

Cvirt(S) =c(E,X) 

holds, where c(S,X) = sup{t e Q\D + tKx G AlX,D e E} is the threshold of 
canonical adjunction (the symbol A\X stands for the pseudoeffective cone of the 
variety X in A^X = A^X (g) R), whereas 

Cvirt(E)= inf {c(E+,X+)} 

is the virtual threshold of canonical adjunction, the infimum is taken over all bira- 
tional morphisms X'^ — > X of smooth projective varieties, E+ is the strict transform 
of E on X^. If for any movable system E there is a birational self- map x ^ BirX, 
providing the equality of the thresholds, 

Cvirt(S) = c(x:'E,X), 

where x7^^ is the strict transform of the system E with respect to x, then the variety 
X is said to be birationally rigid. The property (M) and birational superrigidity of 
Fano double hypersurfaces were proven in [3]. 

The main geometric implication of birational rigidity for primitive Fano varieties 
is the absence of non-trivial structures of a rationally connected fiber space, that 
is, of rational dominant maps p:X ---> S, the fiber of general position of which is 
rationally connected. For this reason, birationally rigid primitive Fano varieties are 
automatically non-rational. Besides, birational rigidity makes it possible to give an 
exhaustive description of birational maps of the given variety onto other varieties. 

0.3. The theorem on direct products. The importance of divisorial canon- 
icity is connected with the following theorem proven in [1] (the condition (C) implies 
the conditions (M) and (L) in an obvious way). 

Theorem 2. Assume that primitive Fano varieties Fi, . . . , F^, K > 2, satisfy 
the conditions (L) and (M). Then their direct product 

V ^FiX ...xFk 

is a birationally superrigid variety. 

Here are the main geometric consequences of birational rigidity of the direct 
product V (see [1, Corollary 1]). 
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(i) All structures of a rationally connected fiber space on the variety V are pro- 
jections onto direct factors. More precisely, let l3:V^-^S^hea rationally connected 
fiber space and ^ — — —>■ V''^ a birational map. Then there exist a set of indices 

7 = {ii,...,ife} C {!,..., X} 

and a birational map 

a:Fj = YlF, ^ 

iei 

such that the following diagram commutes: 

V --^ 
vr/ i 1/3 
Fi > Si, 

K 

that is, P o X — a o TTi, where tt/: ]J Fj — > Yi^i natural projection onto a 

i=l iei 

direct factor. In particular, on the variety V there are no structures of a fibration 
into rationally connected varieties of dimension strictly smaller than min{dimFj}. 
In particular, V has no structures of a fibration into conies and rational surfaces. 

(ii) The groups of birational and biregular self-maps of the variety V coincide: 

Biry = Auty. 

In particular, the group Bir V is finite. 

(iii) The variety V is non-rational. 

For a generic double cover F e J^reg we have (see [3]): 

BirF = AutF = Z/2Z. 

Therefore, for pair- wise non-isomorphic double covers of general position Fi, . . . , F^ G 
J^reg we get 

BiiV = AutV = (Z/2Z)^. 

On the other hand, for a double cover F e ^reg of general position the group 
BiiF^^ = AutF^^ is the extension 

1 ^ (Z/2Z)^ ^ Aut F^^ -^Sk^I, 

where 5'^ is the symmetric group of permutations of K elements. This extension is 
in fact a semi-direct product: the group of automorphisms Aut V contains Sk as a 
subgroup permuting the factors of the direct product F x . . . x F. The action of Sk 
on the subgroup (Z/2Z)^ is also obvious: the permutations G Sk permute the 
generators ai, . . . ,aK oi the Galois groups of the factors F. 

Another application of Theorem 1 is in that it allows to apply the linear method 
of proving birational rigidity [4] to investigating Fano fibrations V/¥^ into double 
hypersurfaces [5,6], see §5 of this paper. 
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0.4. The structure of the paper. The open set T^eg is defined by expUcit 
conditions in §1. In §4 we show that this set is non-empty. Let (/, f?) € J^reg be 
a fixed pair of polynomials, V = V{f, g) the corresponding double cover. Assume 
that the claim of Theorem 1 does not hold for V, that is, for some effective divisor 
D E \ — nKv\, n > 1, the pair (V, ^D) is not canonical. In the notations of Sec. 0.1, 
let C = <f{E) C be the centre of the singularity E on the variety V. 

Proposition 0.1. The following inequality holds: codimC > 3. 

Proof. Assume the converse: C C is a subvariety of codimension 2. The 
Noether-Fano inequality implies immediately that multc D > n. In particular, the 
divisor D does not coincide with the ramification divisor R dV oi the double cover 
cr (because i? is a smooth divisor on V). Obviously, R = W, that is, R is a. smooth 
complete intersection of codimension 2 in P. 

Restricting D onto R, we obtain an effective divisor Z on R, which is cut out 
by a hypersurface of degree n (in the sense of the identification R = W, mentioned 
above). Let Y be an irreducible component of the set C H R, codim^y = 1 (if 
C C -R) or 2 (otherwise). We have the inequality 

multy Z > n. 

Now the cone method (see [7, Proposition 3.6]) gives a contradiction (the case when 
codim^^y = 1 is excluded at once by the Lefschetz theorem for R), since dimF = 
M — 3 > 3. Q.E.D. for the proposition. 

Let o G C be a point of general position, ip : V"^ V its blow up, E = f^^{o) C 
the exceptional divisor, the strict transform of the divisor D on V~^. 
Proposition 0.2. For some hyperplane B G E the inequality 

muho D + muh b > 2n. (1) 

holds. 

Proof is given in [1, §3]. 

Therefore, the proof of Theorem 1 will be complete if we show that for any point 
& V, where V G J^reg is a regular variety, any (prime) divisor D E \ — nKv\ and 
any hyperplane B C E the following inequality, which is opposite to ([1]), holds: 

multo D + mult b < 2n. (2) 

A proof of this inequality makes the heart of this paper (§§2-3). 

0.5. Remarks. The concept of birational (super)rigidity is now universally 
accepted, but different authors use different definitions [2,8-10]. It seems that today 
the most precise definition is as follows: a projective rationally connected variety X 
is birationally rigid, if there exists a model X, which is birational to X, satisfying 
the condition of Sec. 0.2, that is, for any movable system E on X there exists a 
birational self-map x ^ BirX = BirX, providing the equality of the thresholds 
Cvirt(S) = c(S). (As the example of [10] shows, on the very variety X such a self- 
map X niay not exist.) In other words, the variety X is birationally rigid, if on some 
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its model X one can untwist all maximal singularities of movable linear systems by 
means of birational self-maps. 

The present paper is based on the ideas and constructions developed in [1]. In [4] 
we started to investigate Fano double hyp ersurf aces, however the hardest case, when 
the point o lies on the ramification divisor of the morphism a, was not considered 
there. For this reason in [4] an intermediate result was formulated on the canonicity 
of pairs {V, j^D), where y is a Fano double hyp ersurf ace. 

Theorem 1 extends the action of the theorem on Fano direct products [1] to the 
double hypersurfaces. It can be interpreted as a statement on the global canonical 
threshold of the variety V: for a generic double hypersurface V the threshold is 
equal to 1. The global log canonical thresholds are of importance in differential 
geometry (existence of the Kahler-Einstein metric, see [11-13]). 

The claim of Theorem 1 for m = 1 (the double spaces) was shown in [1], for 
m = 2 (the double quadrics) in [4]. 

Finally, combining the arguments of the present paper with the constructions 
of [14] in the spirit of the paper [1], one can prove in the same way the divisorial 
canonicity of iterated Fano double covers 



where Q C P*^+^ is a Fano complete intersection of index > 3, and each arrow is 
a double cover with a smooth branch divisor, and moreover is a primitive 

Fano variety. 

1 Regular double covers 

In this section we formulate the regularity conditions, defining the set ^reg- In §4 

it is shown that it is non-empty, that is, that the regularity conditions make sense. 
The regularity conditions are local and differ essentially in the cases when the given 
point o E V lies on the ramification divisor of the morphism a and when it does 
not. 

1.1. The regularity conditions outside the branch divisor. We work in a 
fixed coordinate system zi, . . . , zm+i on P with the origin at the point p = cr(o). The 
equation of the hypersurface Q is f — qi + .. . + qm, the equation of the hypersurface 
W*, which cuts out on Q the branch divisor W, is g — 1 + wi + . . . + W2i- Following 
[3,14], let us consider the formal series 



Q CP, 



1 1 



i=l 



where 




i-1 



(2i-3)!! 
2H\ 



(-1) 



i-1 



22i-2i!(i-2)!' 



(2i-3)! 
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and construct the corresponding formal series in the variables z^: 

oo 

= (1 + + . . . + W2if''^ = 1 + 7i(«^i + ■ ■ ■ + W2iy = 

i=l 

oo 

= 1 + . . . ,W2i), 

1=1 

where $i(t(;i(2;*), . . . , W2i{z*)) are homogeneous polynomials of degree i in the vari- 
ables z*. Obviously, 

= + (polynomial in wi, . . . , Wi-i). 

For instance, = \wi. Furthermore, for j > 1 set 

i 

[\f9\j = l + 5^$iK(2;,)) 

i=l 

and 

It is easy to see that the first non-zero homogeneous component of the polynomial 
g'^^^ is of degree j Denote it by the symbol hj+i. Obviously, 

hj+i [g] = Wj+i + Aj{wi,..., Wj), (3) 

where the precise form of the polynomial Aj is of no interest for us. We say that 
the variety V is regular at the point o, if the following three regularity conditions 
(R1.1)-(R1.3) hold. 

(Rl.l) The sequence of homogeneous polynomials 

Qi, ■ ■ ■ , Qm, hi+i, . . . h2i-i 

is regular in the local ring Oq^c'^+i , that is, the system of equations 

qi = ■■■ = qm = hi+i = . . . = /i2/-i = 

defines a one-dimensional set in C^"*"^, a finite set of lines, passing through the 
origin. 

(R1.2) The linear span of any irreducible component of the closed algebraic set 

gi = ^2 = ?3 = 

in C''^"'"''^ is the hyperplane qi = 0. 

(R1.3) Here we need to separate the two cases: m — 3 and m > 4. For m = 3 we 
require that the cr-preimage of a section of any irreducible component of the closed 
algebraic set {qi — q2 — qs — 0} C Q hy any anticanonical divisor a~^{P) 3 o, 
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containing the point o, should be irreducible (that is, the corresponding double 
cover should not break). Assume now that m > 4. In that case the regularity 
condition requires that the closed algebraic set 

(7-\{qi^q2^0}nQ)cV 

should be irreducible and any section of that set by an anticanonical divisor a~^{P) 3 
o, where P 9 p is some hyperplane, 

• either is also irreducible and reduced, 

• or breaks into two irreducible components Bi + B2, where Bi — a~^{Qr\Si) is 
the (T-preimage of a section of Q by a plane Si dV of codimension three and, 
moreover, multo Bi — multp Q H Si — 3, 

• or non-reduced and is of the form 2B, where B = a~^{Qr\S) is the u-preimage 
of a section of Q by a plane C P of codimension three and, moreover, 
multo B = multp((5 H S) = 3. 

Remark 1.1. As we will see in the proof of Proposition 1.1 below, the second 
and third options in the condition (R1.3) realize for a variety V of general position 
only when the quadric 

92 I {gi=0}nP 

is respectively, a pair of planes Si U 5'2 or a double plane 25'. For this reason for 
M >7 the second and third options can be excluded. 

1.2. The reguleirity conditions on the branch divisor. Assume that the 
point o &V lies on the ramification divisor of the morphism a, p — a{o) e W. Let 
ipv- V and '^q: Q he the blow ups of the points o and p, respectively, 

Ey = (Py^{o) C and Eq = v'q^(p) C the exceptional divisors. Let C 
be the strict transform of the hypersurface W, Ew = n Eq a hyperplane in 
Eq = pA^-i. The symbols Ey, Eq and E^ stand for the dual projective spaces. 
The natural embedding a*:T*W T*V defines the embedding a*:E^ ^ Ey. 
The rational map a^: --■> Q~^, induced by the morphism a, defines the linear 
projection cr^: Ey Ey\r = which is dual to that embedding. 

In the coordinate form, let 2:1, ... , zm+i be affine coordinates on P with the origin 
at the point p. The hypersurface Q is given by the equation 

f{zi, zm+i) = + . . . + g™, 

where we can assume that qi = Zm+i, so that the functions Zi\q, . . . , Zm \ q define 
on Q a system of local coordinates. The hypersurface W* is given by the equation 

g{zi, zm+i) =wi + ... + W21, 

where we may assume that Wi = Zi, so that the functions Z2\w, ■ ■ ■ , zm \ w define 
on the branch divisor W a system of local coordinates. The variety V is given in 
A^^^ s by the system of affine equations 

{y,zi,...,ZM+i) J J H 
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which is locally of the form 

- ^1 + ■ ■ • = zm+1 + . . . = 0, 

where the dots stand for the terms of order 2 and higher in z^,, so that the functions 
y I V) -22 I y, • • • , zm I V make a system of local coordinates on V with the origin at the 
point o. In these coordinates the linear projection cr^ takes the form 

{y,Z2,...,ZM) ^ {z2,...,zm)- 

Let B C Ey be a hyperplane. There are two possible cases: 

(A) either B is given by an equation 

y + X{z2, ...,zm) = 0, 

where A e T*W is some linear form (possibly a zero one); in that case we say that 

B is not pulled back from Q, 

(B) or B is given by an equation 

X{z2, . . . , Zm) = 0, 

where A G T*W\{0} is some non-zero linear form; in that case we say that B is 
pulled back from Q. 

Obviously, B is pulled back from Q when and only when B e a*{E^) as a 
point of the dual projective space B e Ey. We say that the variety V is regular at 
the point o, where p = o"(o) € W, if the following three conditions (R2.1)-(R2.3) 
hold. Let us fix the system of coordinates Zi, . . . , Zm+i on P with the origin at the 
point p, considered above. Restrictions of the polynomials Wi, qj onto the plane 
{zi = zm+1 = 0} we denote by the symbols Wj, (jj. 

(R2.1) For any linear form X{z2, ■ ■ ■ , zm) the sequence 

A^(Z*) -W2,g2, •••,gm (4) 

is regular in Oq ^m-i, that is the system of equations 

X^{Z^) - W2 = 52 = ■ ■ ■ = = 

defines a cone of co dimension m in C^-^ with the vertex at the origin, and moreover, 
for the quadratic forms 0)2 and q2 we have the estimates 

rkw2 > 4 and rkg2 > 3. 

(R2.2) The linear span of any irreducible component of the closed algebraic set 

?2 = ?3 = 

in Cf-^ ^ . is the whole space C^-^. 



8 



(R2.3) For m = 3 the cr-preimage of any irreducible component of the closed 
algebraic set 

{X{z^) = zi = zm+1 = q2 = q3 = 0} C Q 

is irreducible for any linear form X{z2, . . . , zm)- For m > 4 for any linear form A(z*) 
the closed set 



• either is irreducible and reduced, 

• or breaks into two irreducible components Bi + B2, where Bi = cr^^lQ fl Si) 
is the cr-preimage of a section of Q by a plane Si C {A(z*) = zi = zm+i = 0} 
and, moreover, multoi?j = 3, 

• or is non-reduced and is of the form 25, where B = (J~^{Q fl S) is the cr- 
preimage of a section of Q by a plane S and, moreover, multoi? = 3. 

1.3. Correctness of the regularity conditions. It is obvious from the 
explicit formulation of the regularity conditions, given above, that the property of 
the variety V to be regular at a point o depends on the pair of polynomials (/, g) E T 
and the point p = a{o) G P. Let J-'reg{p) C be the set, consisting of pairs {f,g) 
for which f{p) = and the double cover V = V{f,g) is regular at any (if there are 
two of them) point o G cr~^{p). If g{p) 7^ 0, then the regularity is understood in the 
sense of Sec. 1.1, whereas if g{p) = 0, then in the sense of Sec. 1.2. Let J-'^-eg C J-' 
be the set of pairs (/, g), for which the double cover V = V{f, g) is regular at every 
point o eV . 

Proposition 1.1. The set T^eg contains a non-empty Zariski open subset in T . 

Proof is given in §4. As usual (see the survey [2]), the idea is to estimate the 
codimension of the closed set J^non-reg(p) of double covers, non-regular at the point 
p. As soon as it is shown that co^vaij: T^o^-^<ig{p) > M + 2, one can conclude that 



is a proper closed subset of positive codimension in JF, which immediately implies 
Proposition 1.1. 

2 Proof of inequality ([2j) for a point on the rami- 
fication divisor 

In this section the inequality ([2]) is proved in the assumption that the point o G F 
lies on the ramification divisor, that is, p = a{o) G W. We use the notations of 
Sec. 1.2. Proof is obtained by two different methods, depending on whether the 
hyperplane B is pulled back from Q or not. 



a \{\{z,) = zi = Zm+1 = q2 = ^}r\Q) dV 
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2.1. The hyperplane B is not pulled back from Q. In order to prove 
the inequality ([2]), assume the converse: the inequality ([1]) holds, where D G | — 
nKy\ is an irreducible divisor, C its strict transform. Let A be a pencil 
of hyperplanes in P, generated by the tangent hyperplanes TpQ and TpW* (in the 
coordinate form it is the pencil azi+PzM+i = 0). Let T G A be a general hyperplane. 

Set Qt = Q nT, Wt = Wf\T and Vt = o"^^(Qt)- Obviously, the hypersurface 
Qt is non-singular at the point p, the divisor Wt C Qt has an isolated singularity at 
the point p, so that o G Vr is an isolated singular point, either, ctt = cr | y^, : Vr — *■ Qt 
is the double cover, branched over Wt- With respect to the affine coordinates 
{y, -22, ... , zm+i) the variety Vt is given by the pair of equations 

where the dots stand for the terms of order 3 and higher in Z2, ■ ■ ■ , Zm+i- By the 
regularity condition (R2.1) the quadric W2 \ {z-i=zm+i=o} has rank at least two, so that 
o G Vt is an isolated quadratic singularity, where the quadric Et = ni^y, where 
C is the strict transform of the divisor Vt, is given by the equation 

The latter quadratic form is of rank at least three, so that Et does not contain 
hyperplanes in Ey. Therefore, multoVr + mult^V^ = 2. Since Vp G | — Ky] is 
an anticanonical divisor, we get D ^ Vt- Thus the effective cycle Dt = {D o Vt) 
of codimension two is well defined, it is an effective divisor on Vt- Obviously, 
multoDT > 2multo-D, and the strict transform C V~^ contains the hyperplane 
section Bt = B f] V^ of the quadric. The quadric Bt is given on Et by the 
equation y + \{z2-, - - - , zm) = 0. By the regularity condition (R2.1), the quadric Bt 
is irreducible and reduced. 

Lemma 2.1. The following inequality holds: 

muho -Dt + 2 mult^j, > 4n. (5) 

Proof. One has to prove this inequality, because the tangent cone of the divisor 
D, that is, the algebraic cycle [D^ o Ey), can contain the quadric Et- By the 
standard formulas of the intersection theory [15], 

muho Dt = 2 muho D + 2a, (6) 

where the integer a G Z+ is defined by the relation 

{D+ o V+) = aET + Z, 

the effective cycle Z does not contain Et- On the other hand, every irreducible 
component of the cycle Z is not contained in the exceptional divisor Ey, that is, 
Z = {DoVt)+ and thus 

mult Bt Dt + a > mult b . (7) 
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Combining the estimates and ([7]), we get ([5]). Q.E.D. for the lemma. 
Now let us consider the standard hypertangent linear systems 

5 • • • 5 

on the hypersurface Q at the point p. In terms of the afiine coordinates these 
systems take the form 



A? 



Si_j{qi + q2 + ... + qj) = 

i=i 



where Sa{z^) are arbitrary homogeneous polynomials of degree a G Z+ in z*, fj = 
qi + . . . + Qj is the left segment of length j of the equation /. Set Aj = o-*Af to be 
the pull back of these systems on V, their strict transform on V^. Obviously, 

Aj C I — iKv I , multo Ai > i + 1, 

and by the regularity condition (R2.1) we can say more precisely that multo Aj = 
i + that is, A^ is a subsystem of the complete linear system | —iipYKv — {i + l)Ev\- 
Set also Af = A,^ | Ev These are linear systems of hypersurfaces of degree {i + I) 
on Ev = 

The regularity condition (R2.1) implies that the base sets of the linear systems Aj 
and Af are of codimension i with respect to V and Ey, respectively, and moreover, 
the codimension does not change when we restrict on Vr and E^, respectively. These 
base sets are given by the system of equations 

\ {^i=^A/+l=0} = • • ■ = qi+l \ {2;i=2:m+1=0} = 0. 

Let (i?2, • • • , Rm-i) e A2 X . . . X Am-i be a generic set of divisors of the hypertangent 
systems. Their strict transforms on and restrictions onto Ey are denoted by the 
symbols Rf and Rf = {Rf o Ey), respectively. By the regularity condition the 
set-theoretic intersections 

Supp L't n i?2 n . . . n 

and 

Supp n Ey n R^ n.-.n Rf 

are on codimension i in Vr and Et, respectively, i = 2, . . . ,m — 1. Therefore, the 
effective cycles 

= {DtoR20...or,) 

and 

Y,l, = {D+oEyoRfo...o Rf) 

are well defined, and moreover, Yf" = (y^^ o Ey), that is, Y^^ is the projectivized 
tangent cone to Yi at the point o. In particular, 

i\ 

multo Yi = deg = 2 
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where the degree of the cycle is understood in the sense of the projective space 

2.2. End of the proof. Let us use the method of [5] (in a modified form). 

Definition 2.1. An irreducible component Z of the cycle Yi is a B- component, 
if at least one irreducible component of its projectivized tangent cone at the point 
0, that is, of the algebraic cycle {Z~^ o Ey), where is the strict transform of Z 
on V~^, is contained in the hyperplane B. 

For the effective cycle Ym we have the decomposition 

Ym = Yi + Ybi 

where in we collect all 5-components of the cycle Ym-, and only them. The 
following fact is crucial. 

Lemma 2.2. None of the irreducible components of the cycle Yb is contained 
in the inverse image of the tangent hyperplane a~^{TpQ fl Q) = {zm+i = 0}. 

Proof. Assume the converse: such a i?-component Z does exist, cr{Z) C TpQ. 
Then its tangent cone Z^ = {Z^ o Ey) is entirely contained in the tangent cone of 
the divisor a~^(TpQ fl Q). The latter is given in Ey by the equation 

q2 \ {21=^^+1=0} = 0. 

By the definition of a 5-component, there is an irreducible component S of the cycle 
Z^ , which is contained in B. Therefore, the polynomials 

y + X{z2, ...,ZM),y'^- W2, g2, • • • , gm 

vanish on S. Recall that S C Ey and {y : Z2 : ■ ■ ■ : Zm) are homogeneous coordinates 
on the projective space Ey. Therefore, on S vanish the polynomials 

A^(z2,---,2;m) -u^2,g2, (8) 

These polynomials do not depend on y, so that the set of their common zeros is a set 
of cones in Ey = p*^-i with the vertex at the point (1 : . . . : 0). On the other hand, 
the hyperplane B does not contain that point, so that S does not contain it, too. 
Therefore, m homogeneous polynomials ([8]) in the variables Z2, ■ ■ ■ , zm vanish on the 
irreducible subvariety S C P^^~^, the projection of 5* from the point (1 : : . . . : 0). 
By what was said above, dimS* = dimS*, so that codimS* = m — 1, which contradicts 
the regularity condition (R2.1). Q.E.D. for Lemma 2.2. 

Let us come back to the proof of inequality ([2]). By construction, the algebraic 
cycle Yjn is of degree 

degYm = deg Yj + degYg = n ■ 2m ■ (m — 1)! = 2nm\ 

and its multiplicity at the point o equals to 

Tfl\ 

multo Ym = multo Yj + multo Yb = — multo Dt- (9) 
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For the cycle Yj we have the universal estimate multoy^ < degYj, which cannot 
be improved. The situation with the cycle Yb is much better: by Lemma 2.2, the 
effective cycle 

Y* = {YBoa"\TpQnQ)) 
is well defined, and for that cycle we get 

deg Y* = deg Yb , mult^ Y* >2 mult^ Yb , 

so that by the universal inequality multo Y* < deg Y* we get the estimate 

mult^lfi < ^degFB. (10) 
Finally, by the construction of the cycle Y^, we have the inequality 

multo Yb = deg Yg > — deg mult Bj. = m\ mult Bt D^- 

Combining this inequality with the estimates (Q and ffTOj) . we get finally 

(2 mult By -Dj)m! + (multo Dt)"^! < 

< deg Yb + 2 multo + 2 multo Yb < 

< deg Yb + 2 deg YJj + deg Yb = 2 deg Y^ = 4nm!, 

whence, reducing by m\, we get the inequality, which is opposite to ([5]). This proves 
the inequality (I2l) in the case when the hyperplane B C Ey is not pulled back from 
Q. 

2.3. The hyperplane B is pulled back from Q. Let us prove the inequality 
([2]), assuming that the hyperplane B C Ey is pulled back from Q, that is, in the 
coordinates {y, Z2, . . . , zm) it has an equation X{z2, . . . , zm) = 0, where A ^ is some 
linear form. Again let us assume the converse: multo -D + mult^-D^ > 2n, where 
D G I —nKv\ is an irreducible divisor, C its strict transform. Here we argue 
following the model of the case when the point o & V lies outside the ramification 
divisor. 

Let As be the two-dimensional system of hyperplanes in P, cutting out on the 
tangent space TpW the hyperplane B. In the coordinates {zi, . . . , zm+i) the equa- 
tions of these hyperplanes are of the form 

azi + Pzm+1 + A(z2, • • • , Zm) = 0, 

a,P E C are constants. Let A = (t*(Ab | q) be the corresponding linear system on 
V, R E A a general divisor, Qb = cr{R) a smooth hypersurface of degree m in P*^. 
The branch divisor Wr = Qr H W and the variety R itself are smooth at the points 
p and o, respectively. 

Lemma 2.3. For the divisor Dr = D Cl R the estimate multo -Dr > 2n holds. 
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Proof. By the formulas of the elementary intersection theory [15] we get: 
multo = multo D+deg Z, where the effective divisor Z on Ey is defined by the re- 
lation [D'^oR^) = D^ + Z. By construction of the divisor R, we get (R^oEy) = B, 
so that Z contains B with multiplicity at least mult^ D~^. This proves the lemma. 

Consider now the pencil of hyperplane sections of Qr, tangent to the branch 
divisor VTr at the point p. In the coordinate form it is the pencil of hyperplanes 
a*zi + f3*ZM+i = 0, restricted onto Qji. Let T G A/j be a general divisor of that 
pencil. Set Wt = W (IT and Vr = (t~^{T). The divisor T is non-singular at the 
point p, whereas the divisor Wt has at that point an isolated quadratic singularity. 

More precisely, the functions Z2, ■ ■ ■ , zm form a system of local coordinates on 
Qr, the tangent hyperplane to the branch divisor Wr is given by the equation 
X{z2, . . . , Zm) = 0, so that the linear component of the local equation of the divisor 
T in these coordinates is \{z2, . . . , Zm)- The tangent cone to the divisor Vr in the 
coordinates {y : Z2 : ■ ■ ■ ■ Zm) on Ey is given by the pair of equations 

- W2\ {zi=^M+i=o} = K^*) = 0. 

Therefore, multo Vt — 2. The divisor Vt is irreducible and for this reason Dr ^ Vt 
by Lemma 2.3. Therefore, the effective cycle 

Dt = {DroVt), 

satisfying the estimate multo Dt > 4n, is well defined. The effective divisor Dt on 
the singular double cover Vt can be assumed to be irreducible. 
Lemma 2.4. The divisor 

S = (T-\TpQ n T) = a-\TpT) 

on the variety Vt is irreducible and has multiplicity precisely 4 at the point a. 
Proof. By the regularity condition (R2.3) the system of three equations 

-W2\ {zi=ZM+i=G} = K^*) = ?2| {zi=ZM+i=0} = 

defines on Ey = ^(^."J^. -z^) effective cycle of codimension 3 and degree 4. Q.E.D. 
for the lemma. 

From the lemma that we have just proven, it follows that Dt <t- cr~^{TpQ), or, 
equivalently, Dt ^ S. Consider the second hypertangent system 

where recall that /i = qi, f2 = + (I2, Sii^z^,) are homogeneous polynomials in 
the variables Zi, . . . ,zm+i- By the regularity condition (R2.3), the base set of its 
restriction Aj = A2I t has codimension two. Thus for a general divisor L e A^ we 
get a{DT) <t L, so that the effective cycle of codimension two on Vt 

DL = {DToa-\L)) 
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is well defined and satisfies the estimate multo-Di > 12n. The degree of the cycle 
Dl (in the sense of the anticanonical class {—Ky)) is 2ndegV = 4nm. Thus 

'-^D,>' (11) 

deg deg V 

However, it follows from the regularity condition (R2.3), that the base set of the 
linear system cr*A^ either is irreducible and satisfies the equality 

multo T 6 

— Bs cr Ao 



deg deg V ' 

or breaks into two components with the same ratio multo / deg. Replacing the cycle 
by its suitable irreducible component, we may assume that -D^ is irreducible 
and by the inequality (fTTl) Dl Bscr*A|^. By the construction of the linear system 
A2, some polynomial of the form M0/2 + Wi/i vanishes on a^D^), where Mq 7^ is a 
constant, Ui{z^) is a linear form. Without loss of generality assume that Uq = 1. It 
follows that 

/2I a{D) = —Uiqi \ a{D)- (12) 

Lemma 2.5. The image cr(Z}/^) is not contained in TpQ. 

Proof. The claim of the lemma means that qi = fi = zm+i does not vanish 
on ai^Di). Assume the converse. Then ( !T2|) implies that <j{Dl) C BsA2, but we 
already know that this is not the case. Q.E.D. for the lemma. 

Consider the effective cycle 

D^ = {DLoa-\TpQ)). 
It is of codimension 4 on \^ and satisfies the inequality 

multo ^ 12 



deg deg V 

We may assume that the cycle Z?" is an irreducible subvariety in V. Its image 
A = (t{D^) is a subvariety of codimension 4 on Q, satisfying the estimate 

multr, ^ 6 



deg deg Q 

The hypersurface Q satisfies the regularity condition (R2.1), so that, repeating the 
arguments of [16, Sec. 4] word for word (see also [2]), we get a contradiction. The 
proof of the inequality ([2]) in the case when p & W and the hyperplane B C Ey is 
pulled back from Q, is complete. 

Note that the last contradiction, completing the proof, can be obtained directly 
on V, without pushing D^ down on Q, but, on the contrary, pulling back the hyper- 
tangent systems 

on V, as it was done above for the second hypertangent system. 
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3 Proof of the inequality (|2j) for a point outside 
the ramification divisor 



We use the notations and conventions of Sec. 1.1. Let us prove the inequahty 
([2]), assuming that the point o & V lies outside the ramification divisor of the 
morphism a, that is, p = a{o) G Q lies outside the divisor W. In that case we argue 
precisely following the scheme of the Fano hypersurfaces [1, §2, Sec. 2.1]. Since our 
constructions are almost word for word the same as those in [1], we give only the 
principal steps of the proof. 

Let ip: —>■ V and (pq: ^ Q he the blow ups of the points o and p on 
V and Q, respectively, E C and Eq C the exceptional divisors. The 
morphism a extends to a regular map V^^\{oi} , identifying E and Eq, where 

<y^^{p) = {o, Oi}. This identification E = Eq = p^^~i will be meant in the sequel 
without special reservations. Assume that the inequality multo D + mult^ > 2n 
holds, where B G E is a hyperplane, D G | —nKv\, C is the strict transform. 
The divisor D is assumed to be irreducible and reduced. Let Bq C Eq be the 
corresponding hyperplane in Eq. The exceptional divisor Eq identifies naturally 
with the projectivization P(TpQ). Let be the pencil of hyperplanes in P, cutting 
out B on Eq and A = (T*(Ab|q) the pull back on V of its restriction onto Q. 
Consider a general divisor i? G A, let C be its strict transform. The divisor 
R is smooth at the point o, and moreover, 

R+r}E = B. 

Set Dji = D \ = [D o R). This is an effective divisor on the variety R. 
Lemma 3.1. The following inequality holds: 

mMlioDR>2n. (13) 

Proof is word for word the same as the proof of Lemma 3 in [1, §2, Sec. 2.1]. 

Lemma 3.2. The divisor Tpt = a~^{Tpa{R)) (1 R on the variety R is irreducible 
and has multiplicity precisely 2 at the point a. 

Proof is word for word the same as the proof of Lemma 4 in [1, §2, Sec. 2.1], 
based on the regularity condition (R1.2). 

By Lemmas 3.1 and 3.2, we may assume the divisor to be irreducible and 
reduced, and different from Tr. Consider the second hypertangent system on Q: 

A? = |so/2 + si/i = 0|q, 

Si{z^:) are homogeneous polynomials of degree i. The base set of its restriction 
A^ = a*A^ I R onto R, that is, 

Sr = {cr*qi\R = a*q2\ r = 0}, 

has by the regularity condition (R1.3) codimension 2 in i? and either is irreducible 
and of multiplicity 6 at the point o, or breaks into two cr-preimages of plane sections 
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of the hypersurface a{R), each of multiphcity 3 at the point o. In any case, for a 
general divisor L e we get <f_ L, so that the effective cycle of codimension 
two Di^ = {Dji o L) is well defined and satisfies the estimate 

> ^ = A. (14) 
deg deg V 2m 

Replacing the cycle by its suitable irreducible component, one may assume it 
to be an irreducible subvariety of codimension 2 in R, and comparing the estimate 
(IT^ with the description of the set Sr given above, we see that Dl <^ Sr. Now the 
arguments of Sec. 2.1 in [1] show that this implies that Dl (^Tr (similar arguments 
are used in the present paper in Sec. 2.3, see the proof of Lemma 2.5). It follows 
that the effective cycle 

Y = {DloTr) 

of codimension 4 on \^ is well defined and satisfies the estimate 

mult^^ > -±- = A. (15) 
deg deg V m 

Now a contradiction is achieved by the method of the paper [3]. By linearity of 
the multiplicity and degree, the cycle Y can be assumed to be an irreducible variety. 
In the notations of Sec. 1.1 let 



K 



(16) 



k = 1, 2, . . ., be the k-th hypertangent system, where Sj, s* are homogeneous poly- 
nomials in of degree j, for simplicity of notations we omit the symbol a* (strictly 
speaking, we should have written J]a*Sk-i<y*fi etc.) and, finally, the right-hand sum 
in ( fT6l) is assumed to be equal to zero, if A; < Z. The system Ak is a subsystem of 
the complete system | — kKv\ and it is easy to see that multo A^ > A; + 1. 
Set 

= [1, m - 1] n Z+ = {1, . . . , m - 1} 

and £ = [/,2/ — 2] fl Z+ = {I, ... ,21 — 2}. By the regularity condition, for the 
codimension of the base set of the hypertangent system A^ we get 

codimBs Afc = tl[l, k]nC + tl[l, k] n M. 

Let 

(Di, . . . , Dt, G n ^ n 

keM kec 

be a general set of hypertangent divisors. Re-order this set as (Li, . . . ,Lm-i) in 
such a way that for all divisors Li G Ak(i) the inequality k{i + 1) > k{i) holds. Now 
the regularity condition implies that 

codimn Y n n . . . n Lk = k. 
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where codinio means the codimension in a neighborhood of the point o with respect 
to V. Therefore, one can reahze the standard procedure of constructing irreducible 
subvarieties Y = ¥^,¥5, . . . ,Ym-i of codimension codimFj = i, where Fj+i is an 
irreducible component of the effective cycle {¥i o Lj+i) with the maximal value of 
the ratio multo / deg. The subvariety ¥* = ¥m-i is an irreducible curve on V, 
satisfying the inequality 

mult„^, > ■III 1 . (17) 




deg deg 

It is not hard to check that the value of the product in the brackets is 

m 21 — 1 m{2l — 1) m 
5" / ~ 5/ ^ 3" 

for I > 4, 3m/8 for / = 3 and m/3 for 1 = 2. In any case this value is not less 
than m/3. Since the left-hand side of the inequality f|T7|) is not higher than one, we 
obtain for the ratio (multo / deg)F the estimate, which is opposite to the inequality 
( |T5l) . This contradiction completes the proof of inequality ([2]). 



4 Proof of the regularity conditions 

In this section, we prove Proposition 1.1. 

4.1. The regularity conditions outside the branch divisor. The condition 
(Rl.l) for a generic cover V was shown in [3]. To prove the condition (R1.2) for a 
generic hypersurface Q, one needs to argue word for word in the same way as for this 
condition for a generic Fano hypersurface, see [1,§2], because in this condition only 
the three components gi, q2, Qs take part. However, the condition (R1.3) for a double 
cover is essentially different from the corresponding condition for a hypersurface and 
for this reason needs a special consideration. 

Assume at first that m = 3. Consider the following general situation: X C 
is an irreducible subvariety, x G X a smooth point, dimX = k >2. 

Lemma 4.1. The closed subset H(x) C V2i{x) in the space of homogeneous 
polynomials of degree 21 in the homogeneous variables on P^, vanishing at the point 
X, defined by the condition 

g e H(x) g = h"^ in O^^x 

is of codimension at least i^^^^'^^) ■ 

Proof. Let (mi, . . . ,un) be some system of affine coordinates on P^ with the 
origin at the point x, whereas [ui, . . . , Uk) make a system of local parameters on X 
at that point. Consider the standard projection 

tt: 0,,x 0,,x/Ml'+' = C[ni, . . . , Uk]/{ui, . . . , Ukf+\ (18) 
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where Aix = [ui, . . . , Uk) C Ox,x is the maximal ideal of the local ring. We denote 
the latter algebra in f|T8l) by the symbol A211 and its maximal ideal by the symbol 
M.. Let S C be the set of full squares, 

= {g e M\g = ioi some h e M}. 

Obviously, C n^^iE). Furthermore, since the restriction of n onto V2i{x) is a 

linear surjective map, we get the estimate 

codim-p2;{a;) > codim_A4 H. 

It is not hard to estimate the latter codimension from below. Let 

h = hi + . . . + h2i e M 

be an arbitrary element, decomposed into homogeneous components, that is, homo- 
geneous polynomials in mi, . . . , Uk- For its square we have the presentation 
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i=2 



where the homogeneous component Vi of degree i depends on hi, ... , only. In 
particular, h"^ does not depend on the last component h2i and for this reason 



dimS < dimM/M . 

Therefore, codim_A4 S is not less than the dimension of the space Ai"^^ / M.'^''^^ , which 
is equal to (^'^^j"^)- Q.E.D. for the lemma. 

Let us come back to the regularity condition (R1.3) for the double cubic (m = 3). 
Let y C P be an irreducible component of the closed set 



{qi = 52 = 53 = 0} n P, 

where P 3 p is a hyperplane. Obviously, F is a cone with the vertex at the point p. 
The hypersurface W21, that cuts out on Q the branch divisor, does not contain the 
point p. Therefore, 

W*nY (;t Singy 

and we can apply Lemma 4.1 to X = Y. We obtain that a violation of the regularity 
condition (R1.3) at the point p imposes on the polynomial g 

2l + M-A\ f3M-8\ 

(19) 



M-4 J \M-A 

independent conditions. Taking into account that the point p and the hyperplane P 
are arbitrary, we get that a double cubic of general position is regular at every point 
outside the ramification divisor, provided that a violation of the condition (R1.3) at 
a fixed point with a fixed hyperplane P imposes on the polynomial g at least 2M 
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independent conditions. It is easy to check that for M > 6 the right-hand side of 
f|T9|) is higher (much higher) than 2M. Q.E.D. for the regularity conditions outside 
the ramification divisor for m = 3. 

4.2. Proof for the case m > 4. In that case our work breaks into two parts: 
we need to check that the set {gi = q2 = 0}nQnP is either irreducible or breaks into 
components in the correct way (this part of the condition depends of the polynomial 
/ only), and, furthermore, that the inverse image of each component with respect 
to a is irreducible (this part of the condition depends on g only). Let us start with 
the regularity condition on Q. 

As we will see from the arguments below, the estimate for the set of non-regular 
hypersurfaces Q is the stronger, the higher gets m. So it is sufficient to consider the 
case m = 4. Set 



This is a quadric of dimension M — 2 in P , more precisely, a quadratic cone with 
the vertex at p. If Fp is a cone over a smooth quadric of dimension M — 3 > 3, then 
Fp is a factorial variety, and reducibility of the divisor 



independent conditions, which is essentially higher than 2M. (This estimate is 
obtained for that type of reducibility, which gives the least codimension of the non- 
regular set, namely, when a section of the quadric Fp by a quartic with the triple 
point p breaks into a hyperplane section, containing the point p, and a section of Fp 
by a cubic with the double point p. For other types of reducibility the codimension 
is much higher.) 

Therefore, we may assume that Fp is a quadratic cone over a singular quadric. 
Assume that Fp is an irreducible quadric. In that case Fp is swept out by planes 
of dimension k > M/2. Moreover, one may choose fc-planes of general position 
Li,L2 C Fp in such a way that their linear span < Li, L2 > is a (A; + l)-plane 
L = P'^"'"^, that is, Li n L2 = L12 is a (A; — l)-plane, containing the point p and 
the vertex space of the cone Fp, but not coinciding with the latter (that is, L12 is a 
plane of general position, strictly containing the vertex space of the cone Fp) . Let us 
count the independent conditions on the polynomial (qs + qi), which are imposed by 
requiring that each of the polynomials (gs + ^4)! should be reducible. Elementary 
but tiresome computations give the codimension 



for the restriction of q^ + 54 onto Lj = P'^ to be reducible (again, we mean the type 
of reducibility which gives the least codimension, namely, into a hyperplane in P*', 



Fp = {qi = g2 = 0} n P. 



{13 + 14)1 Fp 



imposes on the polynomial q^ + q^ at least 




{k + 5){k + 3)k{k - 2) 
24 



+ 1 
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containing the point p, and a cubic with the double point p). Its follows from here 
that the required codimension for both polynomials (gs + q4)\ Li to be reducible, 
i = 1,2, is 2ak — Ofc-i; and it is not hard to check that this integer is > 2M. For 
M > 7 it is sufficient to estimate the reducibility of the polynomial (gs + qi) \ L]_, 
restricted onto one fc-plane: this already gives the required codimension. 

Finally, assume that the quadric Fp is reducible, Fp = L1UL2, where Lj = p*^^^ 
are (M — 2)-planes. Reducibility of the polynomial qs + q^, restricted onto one of 
the planes Li, gives, in the previous notations, aM-2 independent conditions on 
the polynomial gs + q^, and this number is (considerably) higher than 2M. This 
completes the proof of the Q-part of the condition (R1.3). 

Let us check the ly-part of the condition (R1.3). Let Y be an irreducible compo- 
nent of the closed set {gi = g2 = 0} fl Q n P. We have to estimate the number of in- 
dependent conditions that follow from reducibility of the double cover a~^{Y) — ^ Y. 
There are two possible cases: W (lY SingF (the case of general position) and 
W nY C SingF. Let us treat them separately. 

If the case of general position takes place, then applying Lemma 4.1, we get at 
least 



the second case takes place, then the hypersurface W21 contains entirely at least 
one irreducible component S of the set of singular points SingF. In that case the 
simplest thing to do is to apply the method of estimating the codimension from the 
paper [16]: let n: S ^ F^, k = M — 4 = dimS", be a generic projection, then the 
pull back on S of every non-trivial polynomial on P*^ does not vanish identically. 
Therefore, the required codimension is not less than the dimension of the space of 
homogeneous polynomials of degree 21 on P*', that is, again [^''^^) > (Y) > 2M. 
This completes the proof of the ly-part of the condition (R1.3). 

Therefore, a generic double cover V is regular at every point outside the ramifi- 
cation divisor. 

4.3. The regularity condition on the ramification divisor. The fact that 
a generic double cover V satisfies the conditions (R2.2) and (R2.3), is proven word 
for word in the same way as the conditions (R1.2) and (R1.3) were proven in the case 
when the point o does not lie on the ramification divisor. The condition (R2.1) is a 
somewhat stronger version of the standard regularity condition for the hypersurface 
Qr\ {zm+1 = 0} at the point p: it involves an additional (M — l)-dimensional family 
of quadratic forms A^(z*) — W2. Let us consider it in details. 

Since the point p lies on the branch divisor, to prove the regularity condition 
(R2.1) it is sufficient to show that violation of that condition imposes on the pair of 
polynomials (/, g) not less than 2M — 1 conditions. For the estimates on the rank 
of the quadratic forms W2 and g2 this is easy to check. To prove the first part of the 
condition (R2.1), that is, the regularity of the sequence (jl]), let us use the following 
result [17]. 




independent conditions on the polynomial g, since dimF = M — 3 and I > 2. If 
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Let ui, . . . , un+1 be independent variables, 



fc+i 



V^llVm,^{{pi,...,Pk+l)}, 



i=l 



the space of all {k + l)-uplcs of homogeneous polynomials of degree mi, . . . , mk+i, 
respectively, 0<k<N — 1, /i — min{mi, . . . jiUk+i} > 2. The set P is a linear 
space of dimension 



To every (A; + l)-uple (p*) = (pi, . . . ,Pk+i) we correspond the set of its zeros Z{p^) C 
P^. Thus a sequence Pi, . . . ,Pk+i is regular in Co,c^+i if ^-^d o^^Y if codimZ(p*) = 
k + 1. Let 

^ = {(P*) e "^1 codimpjv < k} 

be the set of non-regular sets (p*). Put / = Set 



Applying Proposition 4.1 to our case N — M — 2, k + 1 — m, (mi, . . . , rrik+i) — 
(2, 2, . . . , m), we obtain the required estimate for the codimension of the set of pairs 
{f,g) that do not satisfy the condition (R2.1). It is easy to see that this estimate 
is (considerably) stronger than 2M — 1. This completes the proof of the regularity 
conditions (R2.1)-(R2.3) 

5 Application: pencils of Fano double covers 

In this section, as an application we study movable linear systems on Fano fiber 
spaces V/F^, the fibers of which are double hypersurfaces. Birational geometry of 
those varieties was studied in [4-6], where as a main tool the traditional quadratic 
technique of the method of maximal singularities [2,18] was used, the technique that 
goes back to the classical paper of V.A.Iskovskikh and Yu.I.Manin [19]. Here we 
prove again the results of [4-6] by the linear method. 

5.1. Formulation of the problem and the main result. Let V/F^ be a 
Fano fiber space, our assumptions about which are as follows: 

(i) K is a smooth projective variety with the Picard group PicT^ = ZKy ® ZF, 
where F is the class of a fiber of the projection n-.V ^F^, 





In [17] the following fact was shown. 

Proposition 4.1. The following estimate holds: 



codim^? Y > min {(/ij+i — j){N — j) + 1}. 
je{o,...,k} 
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(ii) every fiber Ft = tt ^(t), t e P^, is a Fano double hypersurface, Ft € J-', 
and moreover, Ft is regular at every smooth point (in particular, every smooth fiber 

-^t ^ rcg ) 5 

(in) if o G is a singular point, then o is an isolated quadratic singularity 
(in particular, there are finitely many such points), satisfying the corresponding 
regularity condition (R1.4) or (R2.4), depending on whether the point o lies outside 
the ramification divisor or on that divisor; the conditions (R1.4) and (R2.4) are 
formulated below. 

Theorem 3. (i) Assume that S C | — riKy + IF\ is a movable linear system on 
V and Z e Z+ . Then the following equality holds: 

Cvirt(S) = c(E) = n. 

(ii) Assume in addition that the Fano fiber space V/¥^ satisfies the K-condition: 

where A^^^^V C A^ = is the closed cone generated by the classes of movable 

divisors on V . Then the fiber space V/¥^ is hirationally superrigid, in particular, 
the projection tt: 1/ ^ is the only non-trivial structure of a rationally connected 
fiber space on V . 

Proof. It is sufficient to check the first claim: the second one follows from it 
in a straightforward way. Assume that Cvirt(S) < c(E), then the linear system E 
has a maximal singularity E C K"*", where tp: ^ is a birational morphism, E 
is an exceptional divisor. Its centre B = ^p{E) C is an irreducible subvariety of 
codimension 2 or higher. Let F = Fthe some fiber, intersecting B. If i? n F is not 
a singular point of the fiber F, then, restricting the system E onto the fiber F, we 
get a contradiction with Theorem 1: for a generic divisor D eT, the pair (F, ^D\ p) 
is not canonical. Therefore, one may assume that S = o G F is a singular point 
of a fiber. As we will show below in Sec. 5.2-5.3, this possibility does not realize, 
either, if the corresponding regularity condition (R1.4) or (R2.4) holds. Therefore, 
the linear system E cannot have maximal singularities, which proves the theorem. 

Remcirk 5.1. As the proof given above shows, the linear method does not 
make use of the condition of twistedness of the fiber space V/F^ over the base. 
Essentially, all the proof is restricting to some fiber and applying the property of 
divisorial (log) canonicity of every fiber. All work is accumulated in the proof of 
that property, which requires stronger regularity conditions than birational rigidity. 
The regularity conditions, on which the quadratic method is based, are weaker and 
for that reason the results obtained by the quadratic method, are more precise. 
However, the quadratic constructions require considerably more work. 

5.2. Singular points of fibers. Let o G F = Ff be a singularity of the fiber 
7r~^(t). We say that the point o is a singularity of the first type, if it lies outside 
the ramification divisor of the morphism a: F ^ G G f, that is, p = a{o) ^ W. In 
that case we assume that the hypersurface G in suitable affine coordinates with the 
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origin at the point p is given by the equation 

/ = 52 + • • • + = 0, 

where ^2(^1, ■ ■ • ,zm+i) is a non-degenerate quadratic form. The branch divisor of 
the morphism a is cut out on G by the hypersurface 

g ^ I + lUl + . . . + W2I ^ 0, 

which does not pass through p. We say that the point o is a singularity of the second 
type, if it lies on the ramification divisor of the morphism a, that is, p = a{o) G W. 
In that case G is given by the equation 

/ gi + . . . + = 0, 

where qi = zm+i, and the equation of the branch divisor is of the form 

g = azM+i + W2 + ... + W2i = 0, 

where a e C is an arbitrary constant. 

Let us consider first the singularities of the first type. We say that the variety 
F is regular at the point o of the first type, if (in the notations above) the following 
condition holds: 

(R1.4) for any non-zero linear form X{zi, . . . , zm+i) for m <2l the sequence 

^■,(l2i ■ ■ ■ 1 Qm, hi+i, . . . , /l2/-l 
is regular in the local ring Oq ^m+i, and for m > 21 the sequence 

^■,Q2, ■ ■ ■ , Qm-l, hi-^i, . . . ,h2l 

is regular in the ring Oq^qm+i, where hj{z^) have the same meaning as in the reg- 
ularity condition (Rl.l) and, moreover, the closed set cr~^({A — q2 — 0} H G) is 
irreducible. 

Since there are finitely many singular points, the regularity condition does not 
require a special proof (it is sufficient to require that the system of equations 

?2 = ■ ■ ■ = ?m = hi+i = . . . = h2l-l = 

or, respectively, the one with replaced by h2i, determines a closed set, none of the 
components of which is contained in a hyperplane; the second part of the regularity 
condition holds at a point of general position in an obvious way). 

Let D e I — nKp\ be a prime divisor, F+ —>■ F the blow up of the point 
o, Pq-.G^ G the blow up of the point p on G, Ep C F+ and Eq C G^ the 
exceptional divisors (non-singular quadrics), where Ep identifies naturally with Eq- 
Let B C Ep he a hyperplane section. For the strict transform C F+ we have 
£)+ —nKp — vEp, where i/ e Z+ is some integer. 
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Proposition 5.1. The following inequality holds: 



V + mults < 2n. (20) 

Proof. Assume the converse. Let /2 C P be the unique hyperplane, R 3 p, 
cutting out B on Eg = Ep, say, R = {X{z^) = 0}. The divisor T = a-^{R n G) 
satisfies the inequality fl20|) with n = 1 and is irreducible, so that D ^ T and 
one may form the scheme-theoretic intersection Y = [D o T), an effective cycle of 
codimension 2, satisfying the inequality 

deg deg E m 

By linearity, we may assume that the cycle Y is an irreducible subvariety of codi- 
mension 2 on F, or a prime divisor on T. Set D2 to be the divisor on F, cut out by 
the hypersurface q2 = 0. By the regularity condition, {D2 o T) is a prime divisor on 



T, and moreover. 



-{D20T) 



deg 2m 

Therefore, F 7^ {D2 o T), so that Y (/i D2 and we may form the effective cycle 
{Y o D2) that has an irreducible component F", satisfying the inequality 

nmkoyi ^ 3_ 
deg m 

The subvariety Y'^ is of codimension two on T. The condition (R1.4) can be un- 
derstood as the regularity condition for the variety T. Applying the technique of 
hypertangent divisors on T to the subvariety in the standard way, we obtain a 
contradiction (intersecting one by one with hypertangent divisors, we construct a 
curve C C T, satisfying the inequality (multo / deg)C > 1, which is impossible). 
Q.E.D. for Proposition 5.1. The case of a singularity of the first type is excluded. 

5.3. Singularities of the second type. We say that the variety E is regular 
at a point of the second type, if the following condition holds. 
(R2.4) For any linear form \{zi, . . . , Zm) the sequence 

\^{Z^) - W2,q2, ■ ■ ■ ,qm 

is regular in Oq^cm+i, where Wi, qj stand for the restrictions of the polynomials Wi, qj 
onto the hyperplane zm+i = 0, whereas the quadratic forms W2 and q2 have the full 
rank, the closed set {q2 = ^3 = 0} in C*^ is irreducible and its linear span is the 
whole space , whereas the closed set 



a-\{X{z,) = q^ = q2 = 0}nG) 
is irreducible and reduced. 
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Note again, that since there are finitely many singular points, the condition 
(R2.4) does not need a special proof. 

Let D E \ — nKp\ be a prime divisor, (3: — > F and Pg- ^ G the blow ups 
of the points o and p = cr{o), respectively, with the exceptional divisors Ep C 
and Eg C G^. The morphism a extends to the double cover a'^: F^ —>■ G^, where 
ap- Ep — i> Eg realizes the quadric Ep as the double cover of Eg = P|^~^.^^j branched 
over {w2 = 0}. Let C F^ be the strict transform of the divisor D and define 
the integer i/ G Z+ by the equivalence ~ —riKp — uEp. Let B C Ep be a 
hyperplane section of the smooth quadric Ep. Repeating the arguments of §2 word 
for word (considering the cases when B is pulled back and not pulled back from 
G separately), we obtain the claim of Proposition 5.1. This excludes the case of a 
singularity of the second type. Proof of Theorem 3 is complete. 
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